On Fillmore's theorem extended by Borobia by Julio, Ana I. & Soto, Ricardo L.
ar
X
iv
:1
80
4.
05
73
8v
1 
 [m
ath
.SP
]  
16
 A
pr
 20
18 On Fillmore’s theorem extended by Borobia
∗
Ana I. Julio, Ricardo L. Soto†
Dpto. Matema´ticas, Universidad Cato´lica del Norte, Casilla 1280
Antofagasta, Chile.
Abstract
Fillmore Theorem says that if A is an n×n complex non-scalar ma-
trix and γ1, . . . , γn are complex numbers with γ1+· · ·+γn = trA, then
there exists a matrix B similar to A with diagonal entries γ1, . . . , γn.
Borobia simplifies this result and extends it to matrices with integer
entries. Fillmore and Borobia do not consider the nonnegativity hy-
pothesis. Here, we introduce a different and very simple way to com-
pute the matrix B similar to A with diagonal γ1, . . . , γn. Moreover,
we consider the nonnegativity hypothesis and we show that for a list
Λ = {λ1, . . . , λn} of complex numbers of Suleimanova or Sˇmigoc type,
and a given list Γ = {γ1, . . . , γn} of nonnegative real numbers, the
remarkably simple condition γ1+ · · ·+ γn = λ1+ · · ·+λn is necessary
and sufficient for the existence of a nonnegative matrix with spectrum
Λ and diagonal entries Γ. This surprising simple result improves a con-
dition recently given by Ellard and Sˇmigoc in arXiv:.1702.02650v1.
AMS classification: 15A18, 15A29
Key words: Inverse eigenvalue problem, nonnegative matrix, diagonal en-
tries.
1 Introduction
The problem of the existence and construction of nonnegative matrices with
prescribed eigenvalues and diagonal entries is an important inverse problem,
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interesting by itself but also necessary to apply a perturbation result, due to
R. Rado and published by H. Perfect [5], which has played an important role
in the study of the nonnegative inverse eigenvalue problem and the nonnega-
tive inverse elementary divisors problem. Fillmore [4] proved that if A is an
n× n non-scalar matrix over a field F, and γ1, . . . , γn ∈ F with
n∑
i=1
γi = trA,
then there exists a matrix B similar to A having diagonal entries γ1, . . . , γn.
Borobia [1] develops an explicit and simple algorithm to compute the matrix
B, and then extends Fillmore Theorem to matrices with integer entries. Re-
sults of Fillmore and Borobia do not consider the nonnegativity hypothesis.
Here, by applying a well known result of Brauer [2], we present a different
and very simple way to compute the matrix B similar to A with arbitrarily
prescribed diagonal entries γ1, . . . , γn (except for the trace property). In this
work we also consider the nonnegativity hypothesis and we prove that given a
realizable list of complex numbers Λ = {λ1, λ2, . . . , λn}, λ1 being the Perron
eigenvalue, with
i) F = {λi ∈ C : Reλi ≤ 0, |Reλi| ≥ |Imλi| i = 2, . . . , n}, (1)
or
ii) G = {λi ∈ C : Reλi ≤ 0,
∣∣∣√3Reλi
∣∣∣ ≥ |Imλi| , i = 2, . . . , n, } (2)
and given real nonnegative numbers γ1, . . . , γn, such that
n∑
i=1
γi =
n∑
i=1
λi, (3)
then there exists an n× n nonnegative matrix B with spectrum Λ and diag-
onal entries γ1, . . . , γn if and only if (3) holds. It is well known that under
condition (3), lists with the property i) (lists of Suleimanova type) and list
with the property ii) (lists of Sˇmigoc type) are realizable. The novelty here
is that, under the remarkably simple condition (3), Λ is not only realizable,
but it is realizable with arbitrary prescribed diagonal entries. This surpris-
ing simple result improves, for lists i) and ii), the necessary and sufficient
condition given by Ellard and Sˇmigoc in [3].
The set of all matrices with constant row sums equal to α will be denoted
by CSα. It is clear that e = [1, 1, . . . , 1]T is an eigenvector of any matrix
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A ∈ CSα, corresponding to the eigenvalue α. The importance of matrices
with constant row sums is due to the well known fact that if λ1 is the de-
sired Perron eigenvalue, then the problem of finding a nonnegative matrix
with spectrum Λ = {λ1, λ2, . . . , λn} is equivalent to the problem of finding a
nonnegative matrix in CSλ1 with spectrum Λ. We denote by Ei,j the matrix
with one in position (i, j) and zeros elsewhere. We shall say that the list
Λ = {λ1, λ2, . . . , λn} is realizable if there is a nonnegative matrix A with
spectrum Λ. In this case we say that A is the realizing matrix. Our main
tools will be:
Theorem 1.1 [2]Let A be an n× n arbitrary matrix with eigenvalues
λ1, λ2, . . . , λn. Let v = [v1, v2, . . . , vn]
T an eigenvector of A associated with
the eigenvalue λk and let q be any n−dimensional vector. Then the matrix
A+vqT has eigenvalues λ1, . . . , λk−1, λk+v
Tq, λk+1, . . . , λn, k = 1, 2, . . . , n.
Lemma 1.1 [8]Let A ∈ CSλ1 with Jordan canonical form J(A). Let q =
[q1, . . . , qn]
T an arbitrary n−dimensional vector such that λ1 +
n∑
i=1
qi 6= λi,
i = 2, . . . , n. Then the matrix A+ eqT has Jordan form J(A)+
(
n∑
i=1
qi
)
E11.
In particular, if
n∑
i=1
qi = 0, then A and A+ eq
T are similar.
Lemma 1.2 [7] The complex numbers λ1, λ2, λ3, λ1 ≥ |λi|, i = 2, 3 and
γ1, γ2, γ3 are, respectively, the eigenvalues and the diagonal entries of a 3×3
nonnegative matrix B ∈ CSλ1 if only if
i) 0 ≤ γk ≤ λ1, k = 1, 2, 3
ii) γ1 + γ2 + γ3 = λ1 + λ2 + λ3
iii) γ1γ2 + γ1γ3 + γ2γ3 ≥ λ1λ2 + λ1λ3 + λ2λ3
iv) max
k
γk ≥ Reλ2
Lemma 1.3 [6] Let A =
[
A1 a
bT c
]
be an n×n matrix and let B be an m×m
matrix with Jordan canonical form J(B) =
[
c 0
0 I(B)
]
. Then the matrix
C =
[
A1 at
T
sbT B
]
, Bs = cs, tTB = ctT ,with tT s = 1
3
has Jordan form
J(C) =
[
J(A) 0
0 I(B)
]
.
2 The general case
In this section, by applying Theorem 1.1, we introduce a very simple way to
compute a matrix B similar to a given non-sacalar matrix A, with B having
diagonal entries γ1, . . . , γn. Of course, we need that
n∑
i=1
γi = trA. Then we
have:
Theorem 2.1 Let A = (aij) be an n× n non-scalar complex matrix and let
Γ = {γ1, . . . , γn} be a given list of complex numbers such that
n∑
i=1
γi = trA.
Let x = [x1, . . . , xn] be an eigenvector of A having all its entries nonzero.
Then there exists a matrix B similar to A with diagonal entries γ1, . . . , γn.
Proof. First, let A be non-diagonal and let D = diag{x1, . . . , xn}. Then D
is a nonsingular matrix and D−1AD ∈ CSλ, where Ax = λx. Let
qT = [q1, . . . , qn] with qi = γi − aii, i = 1, . . . , n.
Then B = D−1AD + eqT has diagonal entries γ1, . . . , γn and from Lemma
1.1, B is similar to A.
Second, let A be diagonal. Consider
S =
[
1 0T
e In−1
]
and S−1 =
[
1 0T
−e In−1
]
.
Then S−1AS ∈ CSλ, where λ is an eigenvalue of A (a diagonal entry of A),
and
B = S−1AS + eqT , with qi = γi − aii,
is similar to A and has diagonal entries γ1, . . . , γn.
Let us consider the Example 6 in [1]:
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Example 2.1 We want to construct a matrix with diagonal entries 3, 5,−2, 6,−1
and similar to
A =


4 0 4 −3 5
2 3 0 2 3
0 −2 2 5 4
7 1 3 4 0
2 5 3 0 −2

 .
A has not constant row sums, but it has an eigenvector with all nonzero
entries xT= [xi]
5
i=1 =
[
497
601
1259
1033
335
241
1698
899
1
]
. Let D = diag{x1, . . . , x5}.
Then
D−1AD =


4 0 3893
579
−1713
250
2352
389
802
591
3 0 1652
533
3131
1272
0 −2078
1185
2 2901
427
964
335
2081
679
533
826
1742
789
4 0
994
601
1298
213
1005
241
0 −2

 ∈ CS 5197524 .
Now we apply Theorem 1.1 to obtain
B = D−1AD + e [−1, 2,−4, 2, 1]
with the required diagonal entries 3, 5,−2, 6,−1. Moreover, from Lemma 1.1
B is similar to A.
2.1 The nonnegative case
In this section we show that if (3) is satisfied, then lists Λ = {λ1, λ2, . . . , λn}
with only one positive eigenvalue, of type i) in (1) and of type ii) in (2),
are always realizable by a nonnegative matrix B with arbitrarily prescribed
diagonal entries γ1, γ2, . . . , γn (except for the condition (3)). Although lists
in (2) contain lists in (1), we shall prove both, since the proofs are different.
Theorem 2.2 Let Λ = {λ1, λ2, . . . , λn} be a realizable list of complex num-
bers with λi ∈ F , i = 2, . . . , n. Let Γ = {γ1, . . . , γn} be a list of nonnegative
real numbers such that
n∑
i=1
γi =
n∑
i=1
λi. Then there exists a nonnegative ma-
trix B ∈ CSλ1 with spectrum Λ and diagonal entries Γ. If A ∈ CSλ1 has the
spectrum Λ, then B ∈ CSλ1 is similar to A.
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Proof. Let λ1, λ2, . . . , λp be real numbers (nonpositive numbers, of course)
and let λp+1 = xp+1 + iyp+1, . . . , λn = xn−1 − iyn−1 be complex nonreal
numbers. Then the matrix
A =


λ1
λ1 − λ2 λ2
...
. . .
λ1 − λp λp
λ1 − xp+1 + yp+1 xp+1 −yp+1
λ1 − xp+1 − yp+1 yp+1 xp+1
...
. . .
λ1 − xn−1 + yn−1 xn−1 −yn−1
λ1 − xn−1 − yn−1 yn−1 xn−1


has spectrum Λ and constant row sums equal to λ1. Let q
T = [q1, q2, . . . , qn]
with qi = γi − Reλi, i = 1, . . . , n. then B = A + eqT is nonnegative with
diagonal entries γ1, . . . , γn and from Lemma 1.1 it is also similar to A.
Corollary 2.1 Let Λ = {λ1, λ2, . . . , λn} be a realizable list of real numbers
with λi ≤ 0, i = 2, . . . , n. Let Γ = {γ1, . . . , γn} be a list of nonnegative real
numbers such that
n∑
i=1
γi =
n∑
i=1
λi. Then there exists a nonnegative matrix
B ∈ CSλ1 with spectrum Λ and diagonal entries Γ.
Observe that if
n∑
i=1
λi > 0, then in Theorem 2.2 we may compute a positive
matrix B with diagonal entries γ1, . . . , γn.
Next, we show that given a list of complex numbers of Sˇmigoc type Λ =
{λ1, . . . , λn} and a list of nonnegative real numbers Γ = {γ1, . . . , γn} such
that
n∑
i=1
γi =
n∑
i=1
λi, then there exists a nonnegative matrix with spectrum Λ
and diagonal entries γ1, . . . , γn. We shall need the following lemmas:
Lemma 2.1 Let Λ = {λ1, x+ iy, x− iy} be a realizable list of Sˇmigoc type,
and let Γ = {γ1, γ2, γ3} be a list of nonnegative real numbers with γ1 + γ2 +
γ3 = λ1+2x. Then there exists a nonnegative matrix B ∈ CSλ1 with spectrum
Λ and diagonal entries γ1, γ2, γ3.
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Proof. Since Λ is of Sˇmigoc type, x ≤ 0,−√3x ≥ y. Then it is easy to check
that Λ satisfies conditions i) ii) iii) iv) from Lemma 1.2 and a matrix
B =

 γ1 0 λ1 − γ1λ1 − γ2 − p γ2 p
0 λ1 − γ3 γ3

 ,
where p = 1
λ1−γ3
[γ1γ2 + γ1γ3 + γ2γ3 − (2λ1x+ x2 + y2)], is nonnegative with
spectrum Λ and with diagonal entries γ1, γ2, γ3.
Lemma 2.2 Let Λ = {λ1, λ2, . . . , λn} be a realizable list of complex numbers,
n ≥ 3, with λi ∈ (G − F), i = 2, . . . , n. Let Γ = {γ1, · · · , γn} be a list of
nonnegative real numbers such that
∑n
i=1 γi =
∑n
i=1 λi. Then there exists a
nonnegative matrix B with spectrum Λ and diagonal entries γ1, . . . , γn.
Proof. If n = 3, the result follows from Lemma 2.1. Suppose the result is
true for lists with n− 2 numbers. We take the partition Λ = Λ′1 ∪ Λ′2, where
Λ′1 = {λ1, λ2, . . . , λn−2}, Λ′2 = {λn−1, λn}
with associated lists
Λ1 = Λ
′
1, Λ2 = {c, λn−1, λn}, c =
n−2∑
i=1
λi −
n−3∑
i=1
γi.
From the induction hypothesis, Λ1 is realizable by a nonnegative matrix
A1 =
[
A11 a
bT c
]
with diagonal entries {γ1, γ2, · · · , γn−3, c}. From Lemma 2.1, Λ2 is realizable
by a nonnegative matrix
A2 =

 γn−2 0 c− γn−2c− γn−1 − p γn−1 p
0 c− γn γn

 ∈ CSc,
with diagonal entries γn−2, γn−1, γn. Finally, from Lemma 1.3 with A2e = ce,
tTA2 = ct
T , and tTe = 1, a matrix
B =
[
A11 at
T
ebT A2
]
is nonnegative with spectrum Λ and diagonal entries γ1, . . . , γn.
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Theorem 2.3 Let Λ = {λ1, λ2, . . . , λn}, n ≥ 3, be a realizable list of complex
numbers, λi ∈ G, i = 2, . . . , n. Let Γ = {γ1, · · · , γn} be a list of nonnegative
real numbers such that
∑n
i=1 γi =
∑n
i=1 λi. Then there exists a nonnegative
matrix B with spectrum Λ and diagonal entries γ1, . . . , γn.
Proof. Let {λ2, . . . , λp} ⊂ F and let {λp+1, . . . , λn} ⊂ (G − F). We take
the partition Λ = Λ′1 ∪ Λ′2, where
Λ′1 = {λ1, λ2, . . . , λp}, Λ′2 = {λp+1, . . . , λn}
with associated lists
Λ1 = Λ
′
1, Λ2 = {c, λp+1, . . . , λn}, c =
p∑
i=1
λi −
p−1∑
i=1
γi.
From Theorem 2.2, Λ1 is realizable by a nonnegative matrix
A1 =
[
A11 a
bT c
]
∈ CSλ1
with diagonal entries γ1, . . . , γp−1, c. Moreover, from Lemma 2.2 Λ2 is real-
izable by a nonnegative matrix A2 with diagonal entries γp, . . . , γn. Finally,
from Lemma 1.3 a matrix
B =
[
A11 at
T
ebT A2
]
,
with A2e = ce, t
TA2 = ct
T , and tTe = 1, is nonnegative with spectrum Λ
and diagonal entries γ1, . . . , γn.
Example 2.2 Consider Λ = {16,−1,−2,−2+2i,−2−2i,−2+3i,−2−3i}.
We want compute a nonnegative matrix with spectrum Λ and diagonal entries
{0, 1, 2, 0, 2, 0, 0}.
Then we consider the lists:
Λ1 = {16,−1,−2,−2 + 2i,−2− 2i}, Λ2 = {c,−2 + 3i,−2− 3i}.
From Theorem 2.2 we compute a nonnegative matrix A1 with spectrum Λ1
and diagonal entries 0, 1, 2, 0, c, where c must be equal to 6:
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A1 =


16
17 −1
18 0 −2
20 0 0 −2 −2
16 0 0 2 −2

+ e(−16, 2, 4, 2, 8)
T =


0 2 4 2 8
1 1 4 2 8
2 2 2 2 8
4 2 4 0 6
0 2 4 4 6

 .
From Lemma 2.1 we compute a nonnegative matrix A2 with spectrum Λ2 =
{c = 6,−2 + 3i,−2− 3i} and digoanal entries {2, 0, 0}:
A2 =

 2 0 425
6
0 11
6
0 6 0

 .
Finally from Lemma 1.3 with
a = [8, 8, 8, 6]T , bT = [0, 2, 4, 4],
and
s = e, tT =
[
25
73
,
24
73
,
24
73
]
,
we have that
B =


0 2 4 2 200
73
192
73
192
73
1 1 4 2 200
73
192
73
192
73
2 2 2 2 200
73
192
73
192
73
4 2 4 0 150
73
144
73
144
73
0 2 4 4 2 0 4
0 2 4 4 25
6
0 11
6
0 2 4 4 0 6 0


is nonnegative with spectrum Λ and diagonal entries {0, 1, 2, 0, 2, 0, 0}. Ob-
serve that we may obtain the diagonal entries in any desired order.
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